We consider Dirac's free electron theory on the first quantized level.
Introduction
The question of the existence of a conserved relativistic spin operator for the free Dirac electron was answered positively for the first time by Hilgevoord and Wouthuysen [13] . Their spin operator turned out to be the relativistic generalization of the non-relativistic Foldy-Wouthuysen spin operator [3] . They found it by starting from the Lagrange formalism of the KleinGordon (!) field while treating the Dirac equation as a subsidiary condition. This derivation has not been considered as completely satisfactory.
Rather there have been demands for a group theoretical motivation for a conserved spin operator. The foundations for that were laid by Gürsey [8] . The starting-point for such a derivation should be the Pauli-Lubański vector operator since its square is the spin Casimir operator of the Poincaré group. Recently these ideas were taken up again by Ryder [21] who defined a relativistic operator which, in essence, equals the Foldy-Wouthuysen spin when applied to positive energy states. In Section 4.2, we will generalize the latter to a four dimensional covariant spin operator. Unfortunately, it turns out that, in general, it is not conserved.
However, another method for obtaining a relativistic conserved spin density, from which the corresponding operator can easily be deduced, has been known for quite some time [23] : By the method of Gordon [6] , we decompose the energy-momentum and spin current densities of the Dirac electron into convective and polarization parts. Moreover, we find the translational and Lorentz gravitational moments of the Dirac electron. We can show that the convective spin current, Gordon spin for short, is conserved. Therefore, we expect it to be equivalent to the Hilgevoord-Wouthuysen spin. We will prove that in Section 2.5.
The paper is organized in the following way. Section 2 is devoted to the classical field theory of the currents of the Dirac electron including the Gordon-type decompositions of its inertial currents. It concludes with the proof of the equivalence of the Gordon spin and the Hilgevoord-Wouthuysen spin. Section 3 recalls the Foldy-Wouthuysen transformation of the Dirac wave function which leads to the conserved Foldy-Wouthuysen mean spin operator. Section 4 covers its relativistic extension, the Hilgevoord-Wouthuysen spin, and shows its relation to the Gürsey-Ryder spin. In Section 5, we conclude that the Gordon decompositions of the energy-momentum and spin currents of the Dirac electron correspond to a Foldy-Wouthuysen transformation of its wave function.
Notation
We work in flat Minkowski space, i.e. without gravity, and consider a free Dirac electron.
The conventions with respect to the Dirac matrices and their representation are taken from Ryder [19] , in particular, σ ij = (ij + ji), brackets antisym-
αβ , the Γ iαβ are orthonormal frame components of the (flat) Riemannian connection, with Γ iαβ = −Γ iβα . A "star equal" * = denotes equality the validity of which is restricted to a certain coordinate system or frame.
2 Currents within classical field theory 2.1 Noether currents of energy-momentum & spin [1] We start with a matter field Ψ and its Lagrangian density
The corresponding action
is invariant under Poincaré transformations, i.e., in particular under translations and Lorentz transformations. Then, by Noether's theorem, we have the conservation of energy-momentum
and of angular momentum
Here the conserved total angular momentum density of the field Ψ splits into a spin part, τ αβ i , and an orbital part, 2x
These four plus six conservation laws hold "weakly", i.e. if the matter field equation δL/δΨ = 0 is satisfied. The canonical energy-momentum and spin (angular momentum) currents are defined by
and
respectively, where ℓ αβ := i 2 σ αβ = −ℓ βα are the generators of the Lorentz group. 1 We follow here the conventions of Ryder [19] . In ref. [11] , the conventions are such that the orbital angular momentum reads
The energy-momentum current Σ α i has 16 independent components in general. We lower the index i and find Σ αβ = e iβ Σ α i . It can be decomposed irreducibly under the Lorentz group into a trace Σ = Σ γ γ , a traceless sym-
η αβ Σ and an antisymmetric piece Σ [αβ] . In a similar way the spin density with its 24 independent components decomposes into three pieces [23] ,
where
In eq.(4) we differentiate the second and third term. We use
and apply (3). Then we find a simpler form of the angular momentum conservation law,
Thus, if the energy-momentum tensor is symmetric, i.e. Σ [αβ] = 0, then already the spin current τ αβ i is separately conserved -and not only the total angular momentum current, see (4).
Relocalization of energy-momentum & spin and superpotentials
The Noether currents Σ α i and τ αβ i are only determined up to gradients. If we add gradients to Σ α i and τ αβ i , we call it a relocalization of momentum and spin. We have the following lemmas, see ref. [9] :
The canonical or Noether currents fulfill the conservation laws
The relocalized currentŝ
satisfy the analogous conservation laws
The superpotentials X α ij (x) = −X α ji and Y αβ ij (x) = −Y βα ij = −Y αβ ji represent 24 + 36 arbitrary functions.
Lemma 2:
The total energy-momentum
and the total angular momentum
are invariant under relocalization,
provided the superpotentials X α ij and Y αβ ij approach zero at spacelike asymptotic infinity sufficiently fast. Here H t denotes a spacelike hypersurface
in Minkowski space with 3-volume element dS i and ∂H t its 2-dimensional boundary with area element da ij = −da ji . Orthonormal frames are used throughout.
Belinfante currents as example
The most straightforward approach to a relocalization is to put both,τ αβ i = 0
and Y αβ ij = 0. Then we find the Belinfante currents
or
We collect our results with respect to the Belinfante relocalization in
This relocalization can be understood as one which kills the Belinfante spin current, i.e., the relocalized total angular momentum under this particular conditions reduces to its orbital part alone.
The inertial currents of the Dirac electron
The explicit form of the Dirac Lagrangian density reads [19] 
We substitute this expression into (5) and (6) and use also the Dirac equation.
Then we find
The canonical spin current can be alternatively written as
We recognize thereby that the canonical spin depends on only 4 independent components. The reason for this is that the electron is a fundamental particle. Such particles are described by irreducible parts of tensors which are fundamental in a mathematical sense, in this case the axial part
The dual of the spin current τ αβγ is the axial spin current
When we split Ψ into two 2-spinors ψ and χ, it reduces to the non-relativistic Pauli spin density, see [19] , p.55,
with σ a , a = 1, 2, 3 as the Pauli matrices.
Since the canonical spin is totally antisymmetric, it follows immediately from (21b,c) that the Belinfante current t α i for a Dirac electron is the symmetric part of the canonical current Σ α i ,
with t αβ = e iβ t α i and Σ αβ = e iβ Σ α i .
The inertial currents, i.e. the densities of the Dirac momentum and the Dirac spin (Σ α i , τ αβ i ), enter as sources on the right hand sides of the field equations of the Einstein-Cartan theory of gravity [10] . In other words, spin, besides mass-energy, is a source of gravity. In general relativity, however, mass-energy is the only source of gravity. In this case, one has to take the (symmetric) Belinfante energy-momentum current as the source term in general relativity, thereby excluding spin from being gravitationally active.
Both theories, the Einstein-Cartan theory and general relativity, are viable since they are indistinguishable by current observation.
Gordon decomposition (relocalization) of the currents of the Dirac field
Gordon [6] decomposed the Dirac current Ψγ i Ψ into a convective and a polarization part. An analogous procedure was applied, first by Markov [15] , to the energy-momentum current of the Dirac field. Later, in the Erice lectures [10] , the Gordon decompositions of the energy-momentum and the spin currents of the Dirac electron were displayed, following earlier results of von der Heyde [26] . Therefrom, for m = 0, the translational and the Lorentz gravitational moment densities were extracted as
respectively. Seitz [23] redid these calculations and showed that this is a universally valid procedure which can also be applied to the energy-momentum and spin currents of fields with spin 1, 3 2 , and 2; for further developments see, e.g., [11, 14, 17] .
The gravitational moment densities (29, 30), in the sense of the relocalization of Lemma 1, correspond to the choices
Accordingly, for the relocalized currents we eventually find
Here we have the Gordon Lagrangian
In summary, for the Gordon type momentum and spin currents, we have
This seems to be the only way one can derive a relativistic spin density which is automatically conserved by itself. The Belinfante momentum t α i is also symmetric, similarly to the Gordon momentum 
Gordon spin −→ Hilgevoord-Wouthuysen spin
Hermitian HW-spin
Now that we have a conserved spin, we recall that Hilgevoord and Wouthuysen [13] had already derived the conserved spin "charge"
here written in its hermitian form, see [13] eq.(3.1). The corresponding spin density reads
Indeed, integration of (38) over a space-like hypersurface,
leads back to the HW-spin (37), since dS 0 = d 3 x. Here we inserted γ 0 γ 0 = ½ in each of the two terms in the second line of (38); then,
Let us prove that the Gordon spin (34) coincides with (38). We multiply the Dirac equation
and its adjoint
by −iγ i from the left and iγ i from the right, respectively. Using [25] , eq.(2.220), namely
we obtain
By substituting this into (34), we find
The σ ij in the second term are replaced by means of (42). This yields
i.e. the Gordon spin current really coincides with the hermitian HW-spin.
Non-hermitian HW-spin
Since the Gordon spin (34) is hermitian, we have first considered the hermitian form of the HW-spin charge. Shorter and more common is the nonhermitian HW-spin charge
see [13] , eq.(3.2), and also [12] . The corresponding spin density reads
Again, by means of an integral of the type (39) and Ψγ
HW-spin charge (47) can be deduced therefrom.
What is the relation of the Gordon spin (34) to (48)? Partial integration of (45) yields
By means of the identity
see Appendix 6.1, we finally get
Result: We have shown that the Gordon spin (34) is the same as the hermitian Hilgevoord-Wouthuysen spin (38). We also have proven its equivalence to the non-hermitian HW-spin density (48) up to a total divergence. In an integral of the total spin, the divergence vanishes by means of the Gauss theorem.
Unitarily transforming the Dirac wave function
In the last section we discussed the currents of the Dirac field and deduced the gravitational moments by means of the Gordon decomposition. We found that there is a kind of "gauge" freedom in defining these currents. The Gordon decomposition made use of this freedom and led finally to a separately conserved spin current. We now turn to a different description of the Dirac field. Instead of studying the currents, we address the Dirac wave function itself. In this context we deal with operators and their expectation values, i.e. quantities of the form
In the Dirac theory there is another arbitrariness as far as the representation of the wave function is concerned. One representation, by means of a canonical transformation, can be transformed to a second one leaving the physical quantities invariant. As we will see below, there is a representation of the Dirac wave equation in which the spin operator 1 2 σ is a constant of motion separately.
Dirac-Pauli representation
In relativistic quantum mechanics we start usually with the Dirac-Pauli representation of the Dirac equation. The latter is either given by its well-known covariant form
or by its Schrödinger form with the Hamiltonian H DP : 
Newton-Wigner representation
These deficiencies were cured by Newton and Wigner [16] . Originally, the aim of these authors was to formulate the properties of localized states for particles with arbitrary spin on the basis of invariance requirements. They write [16] : Thus, in contrast to the usual position operator x in the Dirac-Pauli representation, this operator, which we denote by X, preserves the definiteness of the energy since no particle-antiparticle pairs are created. In addition, the eigenvalues of the corresponding velocity operator V := dX/dt range from minus to plus the speed of light. Due to these properties, the operator X is a position operator in the classical sense.
Thus, for a Dirac particle, it would be of interest to find the canonical transformation leading to the representation of the Dirac equation in which the operator x becomes the Newton-Wigner position operator X.
Foldy-Wouthuysen transformation and mean spin
This was implemented by Foldy and Wouthuysen [3] . They found the canonical (unitary) transformation of the wave function,
where S is a hermitian operator. It transforms the Dirac-Pauli representation of the free Dirac Hamiltonian,
into its Newton-Wigner representation 2 ,
In contrast to the Dirac-Pauli representation, the Newton-Wigner representation contains only the even operator β. Even operators do not couple the 2 Also called Foldy-Wouthuysen representation. These considerations were generalized by Obukhov [18] in the case of the existence of an external gravitational field. 
Thus the corresponding position operator in the Dirac-Pauli representation reads, see [3] , eq. (23),
It is the one also found by Newton and Wigner. It is called mean-position operator, since the original position operator x consists of two parts: the mean-position operator X and a part oscillating rapidly about zero with an amplitude of about the Compton wavelength ("Zitterbewegung").
Among other interesting properties, the position operator X can be used for defining a new angular momentum operator. Remember that the orbital angular momentum operator ℓ = x × p and the spin operator 1 2
in the Dirac-Pauli representation, are no constants of motion separately.
However, the operators
are separately conserved in time, since they commute with the Dirac Hamiltonian H DP . The operator Σ is called mean spin operator 4 and can also be written as (use σ = γ 5 γ 0 γ),
In the rest frame, in which p = 0 and E = m, this operator reduces to 1 2 σ.
To sum up, the spin operator 
Different spin operators 4.1 Hilgevoord-Wouthuysen spin
Subsequent to the work of Foldy and Wouthuysen, it was Hilgevoord and Wouthuysen [13] who searched for a conserved covariant spin in relativistic quantum field theory 5 . The expectation value of the spin operator, the spin "charge", which involves an integration over a three-dimensional space-like hypersurface, must transform in a covariant manner. This is only guaranteed 3 In the following, we will write σ instead of σ × ½. 4 Redefined by a factor if the spin current is conserved. As shown above, cf. eq. (11), this is the case if the energy-momentum current is symmetric. However, the canonical energymomentum current of the Dirac electron is not symmetric, see eq. (23) . Thus the canonical spin current (24) is not conserved and a different splitting of the total angular momentum in an orbital and a spin part is needed in such a way that both parts are conserved.
Remember that every solution of the Dirac equation is also a solution of the Klein-Gordon equation
Therefore, one can start with the Klein-Gordon Lagrangian
and treat the Dirac equation as a subsidiary condition on the solutions. It turns out that the canonical energy-momentum and spin currents of the Klein-Gordon Lagrangian are the same as the Gordon currents (33) and (34).
The energy-momentum is symmetric and thus spin is separately conserved.
The spin operator can then be defined as
The time derivatives can be eliminated by using the Dirac equation in the
Then (68) becomes
see [13] eqs.(3.1) and (3.2), or, equivalently,
The spatial part of this operator is given by S a = 1 2 ε abc S op bc or, explicitly, by
Note that it is not necessary to require the operator S αβ op to be covariant. Indeed, S αβ op is not a Lorentz tensor, since we have
Covariance and conservation of the corresponding spin density are sufficient.
Gürsey-Ryder spin operator
As first pointed out by Wigner [27] , the most satisfactory relativistic definition of spin is that it generates the "little group" of the Poincaré (or inhomogeneous Lorentz) group; this is the group that leaves a given 4-momentum invariant. Wigner showed, on general grounds, that the little group for timelike momenta is SU(2), but he did not find expressions for the operators which generate the algebra of this group. To find these operators, it is sensible to start from the Pauli-Lubański operator
since this operator involves the ten generators J αβ and P γ of the Poincaré group. We then define the following tensor operators and their duals
with
We are now looking for operators which generate (for timelike momenta) the group SU (2), and therefore satisfy the commutation relations
The four operators W α clearly do not generate this algebra. Let us define the operators
which are, up to the constant factor − i m 2 , the anti-selfdual and selfdual parts of W αβ , i.e. they satisfy
It can be checked, and was first pointed out by Gürsey [8] , that these operators X αβ and Y αβ both generate the algebra of SO(1, 3)
It then follows that X a = ε abc Y bc both obey the commutation relations of SU (2), eqn. (77) above. We now take the step of identifying these as the spin operators for the left-and right-handed parts of a Dirac spinor. To this end, we define the operator
It clearly obeys the commutation relations of SO(1, 3), eqn. (80). And, following the same logic, the three operators
will generate SU(2), so Z is therefore a plausible candidate for a spin operator for Dirac particles. In fact it was shown in [21] that, acting on positive energy states, Z is the same as the Foldy-Wouthuysen mean spin operator; see remark c) and d) of section 4.3. In particular it follows that Z is conserved, since the FW spin operator is conserved. When not acting on E > 0 states, however, Z αβ is not conserved. In fact it may be shown that
see appendix eq.(97), where S op αβ is given by (71). The HW-spin S op αβ is conserved, but σ αβ is not. Consequently, Z αβ , although it has the desirable property of generating the SO(1, 3) algebra, is not a conserved quantity. S op αβ on the other hand is conserved, but does not generate SO (1, 3) ; in fact it may be shown that
It is only when the operator Z a acts on positive energy states that we are able to find an operator that is both conserved and obeys the SU(2) commutation relations -and is derived explicitly from considerations of Lorentz covariance. 
Comparing different spin operators
The Foldy-Wouthuysen spin Σ, eq.(64), the Hilgevoord-Wouthuysen spin S, eq.(72), the Gürsey-Ryder spin Z, given explicitly by [21] eq.(21),
and the polarization operator
are all separately conserved spin operators, though constructed in different ways. Recall that Z is only conserved when acting on positive energy states.
Hence, we expect close relationships between these operators. To see them,
we divide each of the operators in parts perpendicular and parallel to the momentum p, see [3] . We summarize the results in Tab. 1.
6 Redefined by a factor 1 2 due to different conventions.
When we restrict the application of these three-operators to positive energy states, we make the following observations: a) As observed first by Gürsey [7] , the FW mean spin operator Σ, which was defined as a nonrelativistic operator, is also relativistic in this case.
b) The above table shows that S ⊥ and Σ ⊥ just differ by the Lorentz
, while the parallel parts are the same. Thus the axial vector S is equal to Σ, when boosted to the rest frame. Thus it is the laboratory-system operator for the spin of the particle in its own rest frame.
c) When applied to positive energy states, those for which It is probably fair to say that the method of Hilgevoord-Wouthuysen to find their conserved spin was fairly indirect. The Gürsey-Ryder method is more transparent. It is an attempt to find, on an algebraic footing, a conserved spin operator which is a representation of the Lorentz group. Indeed, since the Gürsey-Ryder operator satisfies the Lorentz algebra, it generates the Lorentz group. However, this additional requirement is not necessary for the covariance of the expectation value of the operator. This method also contains certain ad hoc steps as, e.g., the introduction of the Z-operator via (81). Moreover, it turned out that, in general, it is not conserved and thus not superior to the conventional spin σ αβ .
On the other hand, a Gordon decomposition of the Noether currents of momentum and spin of the Dirac field is straightforward and uniquely determined. In this sense, the Gordon-type decomposition mentioned yields not only the gravitational moments of the Dirac field but, by the same token, also a decent conserved spin current -and this Gordon type spin current, 6 Appendix: Computations
Proof of the identity (51)
We want to prove the identity (51)
r.h.s = 1 2m
Then A 1 + A 2 + B = l.h.s.
In this computation we made use of the identities
Proof of eqn. (83)
An explicit computation (see below) of X αβ and Y αβ yields
Then Z αβ becomes 
since S op αβ can also be written as, see [13] , eq.(3.7)
Proof of (95) Here we contract the ε-tensors, 
This proves (99).
